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Abstract 

This work investigates a conditionally correct problem for a biharmonic equation 

in a semicircular domain. The problem involves finding a function satisfying a 

biharmonic equation with mixed boundary conditions, including Dirichlet and 

Neumann-type constraints. It is demonstrated that the solution does not depend 

continuously on the input data, confirming the ill-posed nature of the problem. A 

stability estimate for the solution is derived under an a priori bound, and a family 

of regularizing operators is introduced to construct approximate solutions from 

noisy data. The effectiveness of the regularization method is analyzed, and an 

optimal parameter choice is discussed. An auxiliary problem is also formulated 

and reduced to a Fredholm integral equation of the first kind, which is addressed 

using Tikhonov regularization. 

 

Keywords: Biharmonic equation, semicircle, ill-posed problem, conditional 

correctness, stability estimate, regularization method, Tikhonov regularization, 

Fredholm integral equation. 

 

Introduction 

Problems for higher-order partial differential equations, such as the biharmonic 

equation, arise in various fields of mathematical physics, including elasticity, 

plate theory, and fluid dynamics. While well-posed problems for such equations 

have been extensively studied, ill-posed problems—where solutions may not 
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exist, be unique, or depend continuously on data—require specialized analytical 

and numerical approaches. 

In this paper, we examine a non-standard boundary value problem for the 

biharmonic equation in a semicircular domain. The problem is characterized by a 

combination of boundary conditions on the radial and angular coordinates, 

including vanishing values of the solution and its Laplacian on the straight edges, 

as well as Dirichlet and Neumann conditions on the circular arc. Such 

formulations often emerge in inverse and hybrid problems, where part of the 

boundary data is overspecified or incomplete. 

It is shown that the problem is conditionally correct: a continuous dependence of 

the solution on the data is absent in general, but stability can be restored under an 

a priori bound on the solution norm. We establish a quantitative stability estimate 

and propose a regularization strategy based on truncation of Fourier series. The 

accuracy of the approximate solution is estimated in terms of the noise level and 

the regularization parameter. Additionally, an auxiliary problem is introduced and 

transformed into a Fredholm integral equation of the first kind, which is treated 

via Tikhonov regularization. 

The study extends earlier works on ill-posed problems for biharmonic equations 

in different geometries and contributes to the broader theory of conditional 

correctness and regularization for higher-order PDEs. 

In this work, an approximate solution of one problem for a biharmonic equation 

in a semicircle is studied for conditional correctness. 

1. Task. You want to find a function ),( U that meets the following 

conditions:  

0),(2 = U  in D = ( , ) : 0 , 0
2

b


   
 

    
 

   (1) 

( ,0) , 0, 0
2

U U b


  
 

= =   
 

,       (2) 

( ,0) ( , ) 0, 0 ,
2

U U b
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2
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( )
( , )

, 0 ,
2

U a
f

 
 




=  


      (5) 

where  0< < a b , )(f is a given function, − a Laplace operator. 

2. Let us show that in the problem there is no continuous dependence of the 

solution on the data. Indeed, the function 

 
2 2

( , )
2

m

m

a
Sin m

a a
U

 
   

−  
=  

 
     (6) 

is the solution of problem (1)-(5) with ( ) 2f Sin m =  . 

It follows from (6) that for any constants 0,10  c  and variables (0, )
2




,, it ( , )a b  is possible to select such   and m so that the inequalities are 

satisfied 

2 2(0, ) (0, )
2 2

; ( , )mL L
Sinm U c       . 

3. The following theorem is valid, characterizing the stability of the solution of 

problem (1)-(5). 

Theorem. If the function ),( U  satisfies the relations:  

2 (0, )
2

( , ) ,
L

U M        (7) 

2 (0, )
2

( , )
,

L

U a












     (8) 

( , ) 0, 0 ,
2

U a


 =              (9) 

( ,0) ( ,0) ( , ) ( , ) 0, 0
2 2

U U U U b
 

     = = =  =   ,   (10) 

then the inequality is fulfilled 

( )

2

2 2 2

2 2(0, )
2

( , )
L

a
U M

bb a

 



 
 

−  
   

−  
,    (11) 

where )( is the root of the equation 
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22 2

2

b a b M

a a





−  
= 

 
      (12) 

Proof. The solution of problem (1)-(5) can be written in the form of:  
22 2

1

( , ) sin 2
2

k

k
k

a
U a k

a a

 
  



=

−  
=   
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    (13) 

From (7), (8), (13) it follows that 
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4

2 2

1
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k
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b
a M
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

=

 
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       (15) 




=


1

22

k
ka         (16) 

The sum in the right-hand side (14) reaches a conditional maximum at 0=kC , 

qpk ,  and qp CC ,  satisfies one of the three ratios [1]: 

2 2 2

4 4 2
2 2 2

2 2

4

p q

p q

p q

a a

b b a
a a M

a a b a

 + =

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+ =    
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,    (17) 

,0=pa        (18) 

,0=qa        (19) 

where p, q (p<q) are some numbers. 

 Let the ratio (17) take place. Then 
4 2
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2 2
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a b
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a
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
 

−  
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From (20),(21) it follows that 
2 22 2 2 2

2 2

p q
b a b M b a b

a a a a
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     (22) 

By virtue of (13), (19) - (21) we get 
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,   (23) 

where )(  is the root of the equation (12) 

 Let there now be a relation (18). Then 

2
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and by virtue of (15), (16) 
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Otsuyuda  

2

2 ( )2 2

2 2(0, )
2

( , )
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a
U M
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 


 

 
−  
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−  

,   (24) 

where )(  is the root of the equation (12). 

In the case of ratio (19), inequality (24) is similar. 

 The statement of the theorem follows from (23) and (24). 

4. Consider a family of linear operators nB  dependent on an integer parameter, 

defined as follows: 
42 2

1

( ) sin 2
2
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n k
k

a
B f a k

a a

 
 

=

−  
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here ka are the Fourier coefficients of the function )(xf . The family of operators 

nB  will be regular, if )(f  ),( U  the solution is also considered  as elements 

of Hilbert spaces 2(0, )
2

L


 [2]. Now we get an estimate of the efficiency of 

applying this family to the solution of the problem of constructing an approximate 

solution from approximate data. Suppose that the problem (1)-(5) is conditionally 

correct and the set of correctness is determined by the inequality (6). 

 Let it )(f  be known with precision  , i.e. the element )(f : 

2 (0, )
2

( ) ( )
L

f f   −      (26) 

Let us take as an approximate solution of problem (1)-(4) the function: 
42 2

1

( , ) ( ) 2
2

k
n

n n k
k

a
U B f a sin k

a a
 

 
   

=

−  
= =   

 
,   (27) 

Where is  

2

0

4
( ) 2ka f sin k d



   


=        

 The exact solution of problem (1)-(4) in the set of correctness (5) has the 

form:  
42 2

1

( , ) 2
2

k

k
k

a
U a sin k

a a

 
  



=

−  
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In here   

2

0

4
( ) 2ka f sin k d



   


=     (29) 

Let's estimate the difference between ),( nU  and ),( U : 
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 
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 
 
 

 
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   
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   
   

   
   
   

= − + − 

 + −
 (30) 

From (28) (29) it follows that 
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=  
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,     (31) 

( )
(0, )2

2

2
2 2 4

2 2

2
1

( ) ( , )
4

k

n kL
k n

a
B f U a

aa

 
  
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Amount on the right side (32) provided (15) 
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reaches the maximum value when the coefficients ka  are equal to: 

( )2 1

1 2 2

2
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k
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and, therefore,  
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 Consequently, 
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2
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
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 
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Where is  

( ) ( )
2 2( 1)
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2
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M

M n a
a a b b a

  
  

+    
= − +    
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 Note that the effectiveness of regularization depends on the choice of the 

regularization parameter n , which can be determined from the equation  
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( )2 2 2 2

22

nb a b b M

aa 

−  
= 

 
.       

 With a fixed accuracy  approximated to a given value of the parameter n  

at which it is achieved, ( ) ,,inf nM  it will be optimal in the sense of estimation 

(34). 

 5. Let the constant number M, which participates in the inequality (6), 

which determines the set of correctness of the problem (1)-(5), be unknown. 

Let's consider the auxiliary task: 

0),(2 = U  in D = ( , ) : 0 , 0
2

b


   
 

    
 

   (35) 

( , ) ( ), 0
2

U b g


   =   ,       (36) 

( , ) 0, 0 ,
2

U b


 =          (37) 

( ,0) ( , ) 0, 0 ,
2

U U b


  = =        (38) 

( ,0) ( , ) 0, 0 ,
2

U U b


   =  =        (39) 

Problem (35)-(39) is correctly set and the solution to this problem is as follows: 
42 2

1

( , ) 2
2

k

k
k

a
U a sin k

a a

 
  



=

−  
=   

 
;   (40) 

In here  

2

0

4
( )s 2ka f sin k d



   


=       (41) 

The solution of the ill-posed problem (1)-(4) will be sought in the form of series 

(40), where )(g  it is considered as an unknown function. From condition (2) 

taking into account (41) we obtain the integral Fredholm equation of the first kind 

with respect to the function )(g : 

)()(),(
0




fdssgsK = ,     (42)  
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Where is 

 
2 2

1

( )
( , )

2 1

k

k

a b a sink sinks
K s

b k








=

−  
=  

+ 
    (43) 

An approximate solution (36) is constructed by the method of regularization by 

A.N. Tikhonov [3]. 

It should be noted that in the case when region D is the upper half-band, problem 

(1)-(5) is studied in [4]. 

 

REFERENCES: 

1. Атаходжаев М.А. Ахмедов З.А. Об одной условно-корректной задаче для 

бигармонического уравнения. Изв. АН. Р.Уз. Серия физ-мат. наук, 1980, №1 

2. Лаврентьев М.М. Некорректные задачи для дифференциальных 

уравнений, Новосибирск, 1981. 

3. Isaqovich, Tolipov Nodirjon. "Chorak doira tashqarisida bigarmonik tenglama 

uchun nokorrekt qo‘yilgan masala" Talqin va tadqiqotlar ilmiy-uslubiy jurnali. 

1.18 (2023): 73-83 b. 

4. Tolipov, N., Isaxonov, X., & Zunnunov, M. (2023). Shar tashqarisidagi soha 

uchun garmonik davom ettirish masalasi. Research and implementation. 

5. Tolipov, N., Xudoynazarov, Q., & Munavarjonov, S. (2023). Об одной 

некорректной задаче для бигармонического уравнения в полушаре. Research 

and implementation. 

6. Толипов, Н. И., Насриддинов, О. У., & Бозорқулов, А. А. (2023). Об одной 

некорректной задаче для бигармонического уравнения вне кругового 

сектора. Prospects and main trends in modern science, 1(5), 90-93. 

7. Tojiboyev, I., & Tolipov, N. (2024). mp Hususiy hosilali differentsial 

tenglamalarning bir sinfi uchun yoyish formulalariga misol: Hususiy hosilali 

differentsial tenglamalarning bir sinfi uchun yoyish formulalariga 

misol. MODERN PROBLEMS AND PROSPECTS OF APPLIED 

MATHEMATICS, 1(01). 

8. Isaqovich, T. N., & Muxammadjon o‘g‘li, N. R. (2023). TO ‘G ‘RI TO 

‘RTBURCHAKDA LAPLAS TENGLAMASI UCHUN SHARTLI KORREKT 

QO ‘YILGAN MASALA. IMRAS, 6(6), 90-94. 



 

Modern American Journal of Engineering, 

Technology, and Innovation 
ISSN(E): 3067-7939 

Volume 01, Issue 09, December, 2025 

Website: usajournals.org 
This work is Licensed under CC BY 4.0 a Creative Commons Attribution 
4.0 International License. 

__________________________________________________________________________________ 

187 | P a g e  
 

9. Атаходжаев М.А. Некорректный задачи для бигармонического уравнения. 

Т. 1986 г. 

10. Ахмедов З.А. О некоторых некорректных задачах для бигармонического 

уравнения. Диссертация на соискание ученой степени кандидата физ- мат. 

наук. Т., 1983г. 

11. Бицадзе А.В. Некоторые классы уравнений в частных oроизводных. М. 

Наука, 1981. 

12. Лаврентьев М.М. O некоторых некорректныx задачаx математической 

физики. Новосибирск. 1962г. 

13. Лаврентьев М.М. Некорректные задачи для дифференциалных 

уравнений. Новосибирск. 1981г. 

14. Салоҳиддинов М.Ҳ. Математик физика тенгламалари. - Тошкент: 

Ўзбекистон, 2002. 

15. Тихонов А.Н., Самарский А.А. Уравнения математической физики.М. 

Наука. 1974г. 

16. Тихонов А.Н., Арсенин В.Я. Методы решения некорректных задач.M. 

Наука. 1979г. 

 


